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Abstract 

BTZ black hole is interpreted as exact solution of 3d higher spin gauge theory. 
\^ • Solutions for free massless fields in BTZ black hole background are constructed 

with the help of the star-product algebra formalism underlying the formulation 
| of 3d higher spin theory. It is shown that a part of higher spin symmetries 

remains unbroken for special values of the BTZ parameters. 

D 

1 Introduction 

An important difference of (2+1) gravity [U [2j [3l HI [5] from higher dimensional gravi- 
tational theories is that the vacuum theory is topological, describing no local degrees 
of freedom. It was shown in [HI E| that (2+1) gravity is equivalent to the Chern- 
Simons gauge theory of SL(2\R) x SL(2\M) in which the gauge potential describes 
dreibein and Lorentz connection. Among other things, on mass shell, this formulation 
allows one to treat diffeomorphisms of general relativity as gauge transformations, 
that essentially simplifies the quantum analysis [8]. 

In three dimensions, the Riemann tensor is fully represented by the Ricci ten- 
sor. As a result, R mn = implies R mnvq = 0, i.e., any vacuum solution is locally 
Minkowski. Analogously, any vacuum solution of the Einstein equations with nega- 
tive cosmological term is locally AdS^. 

BTZ black hole solution in AdS^ was discovered in [9]. The "No Black Hole 
Theorem" [TD] states that no black hole type solution with (non-zero) horizons in 
2+1 dimensions exists unless negative cosmological constant is introduced. 
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The BTZ black hole is in many respects analogous to the four-dimensional Kerr 
black hole, thus providing a useful model for the study of black hole physics. The 
important difference is however that the BTZ black hole has no curvature singularity 
[TT] . The black hole type geodesies behaviour results instead from the topological 
peculiarity of the BTZ solution which is locally isomorphic to AdS%. As shown in [11] , 
the BTZ solution can be obtained via factorization of AdS$ over a discrete symmetry 
group. 

Since BTZ solution has zero o(2, 2) curvature, it is also the exact solution of the 
nonlinear 3d higher spin (HS) gauge theory [T5J [32] which, for the case of vanishing 
matter fields, amounts to the Chern-Simons theory for the 3d HS algebra that contains 
o(2, 2) ~ sp{2) © sp(2) as a subalgebra. Until now a very few exact solutions in the 
nonlinear HS gauge theory are known apart from pure AdSd- One is the Lorentz 
invariant 3d solution found in [T5] and its generalization to the 4c? HS theory obtained 
in [2]. Unfortunately, the physical interpretation of these solutions is still lacking 
although they are likely to play a fundamental role in the HS theory as the basis 
solutions for the application of the integrating flow machinery [13J. Recently, new 
exact solutions have been found by Sezgin and Sundell |15j . which may receive some 
interpretation in the AdS/CFT context. 

The investigation of black hole solutions in higher- dimensional HS gauge theories 
is, of course, of primary importance. The main motivation for this work is that, 
although being very simple, the study of the BTZ black hole in the 3d gauge theory 
can be useful for the study of less trivial Schwarzschild-Kerr-type solutions at least 
in two respects. Firstly, we learn how the HS star-product machinery applies to 
the black hole physics. This is the aim of this paper. Secondly, pretty much as Ad 
Minkowski space-time is a slice of the flat ten-dimensional space-time with matrix 
coordinates pH OH Q2] X AB = X BA {A, B is the Ad Majorana spinor index), it 
is tempting to speculate that the Ad Kerr black hole can be interpreted as a slice 
of a BTZ-like solution associated with the group manifold Sp(A) which represents 
the AdS-like geometry in this framework [TU, [TSJ [2H EI]- If so, the BTZ-like zero 
curvature solutions may shed some light on the study of the usual black hole physics 
from a more general perspective of higher-dimensional generalized spaces with matrix 
coordinates. 

The modest aim of this letter is to demonstrate how the methods of HS gauge 
theory can be applied to reproduce the known results of the BTZ black hole physics. 
Namely, using the oscillator realization of the AdS^ isometry algebra o(2, 2) ~ sp(2)(B 
sp(2) we find the gauge function of the BTZ solution in terms of Sp(2) group and 
then solve free massless field equations in the BTZ background in terms of the Fock 
module [22J to show how solutions for massless scalar and spinor fields [23], [2U [25], [26] 
are obtained in our approach. 

The layout of the rest of the paper is as follows. In Section [2] we summarize 
basic facts on BTZ black hole metric, its symmetries and factorization procedure. In 
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Section [3] we recall the oscillator realization of AdS^ algebra. In Section H] coordinate- 
free description of BTZ black hole as a flat connection is given. BTZ gauge function is 
represented in Section In Section Owe review dynamical Sp(4) covariant equations 
and Fock module formulation of [2U1 Star-product realization of Killing vectors 
on the Fock module is obtained in Section [7J In Section [8] we find explicit solutions for 
dynamical fields in BTZ background using unfolded dynamics approach. In Section 
[9] we discuss briefly the case of extremal BTZ black hole. Finally, in Section [10] we 
explore symmetries of massless fields in BTZ black hole background. Some useful 
formulae and intermediate calculations are given in two Appendices. 



2 BTZ black hole 

In this section we briefly recall some properties of BTZ black hole. For more detail 
we refer the reader to the review [TT] . 

The 3d Einstein-Hilbert action with negative cosmo logical constant A = — A 2 

S = — I y/=g~(R + 2\ 2 )dtd 2 x (2.1) 



2vr „ 

gives Einstein equations 

Rvan "^RQmn A (j m n ■ (2-2) 

In three dimensions this implies 

Rmnpq ^ i.9mp9nq Qnp9mq) ■ (2'3) 

This means that, being a vacuum solution, 3d black hole is locally equivalent to AdS$. 
In [9] it was shown that the metric 

ds 2 = (-M + X 2 r 2 + ^)dt 2 - (-M + \ 2 r 2 + ^)' l dr 2 - r 2 {d<P - ^dt) 2 , (2.4) 

where <ft G [0, 2ir], solves (12.21) and describes a rotating black hole with dimensionless 
masa3 M and angular momentum J. It has the inner and outer horizons 



The ergosphere (i.e., the g 00 = surface of infinite redshift) has r erg = jM 1 / 2 . 

Note that r± are complex for \J\ > M/X, in which case the horizons disappear 
and the metric has naked singularity at r = 0. Formally, one can take negative M 



1 Units are chosen so that G = 1/ 
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in the metric (12.41) when J = 0. But, except for M = —1 corresponding to the 
AdS% space-time, this leads to the naked conical singularity at r = [11], which is 
easily seen by the rescaling of the radial variable r — > \J—Mr. The case of M = 
and J = corresponds to "massless" black hole that does not reproduce the AdS 
space-time (unlike the 4d case). So, we demand 

M>0, \J\<M/\. (2.6) 

The limiting case of | J\ = M/X corresponds to the extremal black hole with r + = r_. 

The AdSz space-time is a quadric in the four-dimensional pseudo-Euclidian space 
with the metric r] = diag(+ H ) 

ds 2 = du 2 + dv 2 - dx 2 - dy 2 , (2.7) 

u 2 + v 2 - x 2 - y 2 = \- 2 . (2.8) 

The metric of generic BTZ black hole (12. 4p for r > r + is conveniently parameterized 
by 



u = y/A(r) cosh(0(t,0)) 
v - 

X ■ 



y 



V^B(Osinh(t(t,0)), 
vC4(^)sinh(0(t,0)), 
V / 5Wcosh(t(t,0)), (2.9) 



where 



t = A 2 r + t - Ar_0, = -A 2 r_t + Ar + 0. (2.11) 

In this paper, we will use the embedding relations (12.91) with r > r + for the case of 
generic black hole. (For more detail on other patches with r < r + as well as on the 
cases of extremal and vacuum black holes we refer the reader to [llj). 

The properties of BTZ black hole are heavily based on its group origin. Indeed, 
one can combine (u,v,x,y) into a 2 x 2 matrix Sq G SX(2|R) 

S = \( U + X V ~ V ), det(S ) = l. (2.12) 

As shown in [11], the BTZ solution results from the S , L(2|M) group manifold, via 
factorization over a discrete subgroup by the identification 

/ e 7rA(r + ±r_) q \ 

S ~p + S p , p =1 Q e -^A(r + ±r_) J, ( 2 -13) 
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which makes cyclic the variable <fi in the metric (12. 4p . 

The isometries of AdS 3 are represented as elements of the group SL(2\M.) L x 
SL(2\M.) R /Z 2 ~ 5*0(2,2) acting on group elements by left and right multiplication 
S — > PlS Pr with the identification (P L ,P R ) ~ (—P L ,—P R ). In accordance with 
(12. 7p . the AdSs space-time is invariant under the 5*0(2, 2) transformations generated 
by 

Jab = Xb dx^ ~ Xa ~dx* ' where xa = ^ v ^ x ^y)- ( 2 - 14 ) 

According to [11], the isometry algebra of a general BTZ metric (12 .4p is generated by 
the vector fields and Jr. In the case r+ — r 2 > 0, the Killing vector responsible 
for the identification (I2.13P is 

d 

= -Ar+J 12 + Ar_ J 03 , (2.15) 

(70 

whereas the time translation generator is 

^ = A 2 r_J 12 -A 2 r + J 03 . (2.16) 

Note that, as shown in [IT] , among six Killing vectors of AdS^ only (I2.15P and (I2.16P 
remain globally defined upon the identification (I2.13p . 

3 Oscillator realization of o(2, 2) 

Let us describe the oscillator realization of the algebra o(2, 2) which will be particu- 
larly useful for our analysis. The isometry algebra of AdS 3 is o(2, 2) ~ sp{2) © sp{2). 
It is spanned by the diagonal sp{2) Lorentz generators L a $ = Lp a and AdS 3 transla- 
tions P a p = Pj3 a (a, (3, . . . — 1, 2). The commutation relations are 

[Lap, Ljs] = -(tp-yLas + epsL a ^ + e al L/3S + 

[P a p, P-ys] = 2\ 2 (e/3 1 L a s + epsL ay + e ai Lps + e^L^) , (3.1) 

[L a p, Pys] = -(tp^/PaS + tpsPa-f + ^ceyPpS + ^agPp-y) , 



1 
-1 



where 

tap ~ 

is the antisymmetric sp{2) invariant fornj§. 

2 Spinor indices are raised and lowered according to the rules A a = A^ep a , A a — e a @ Af z 
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Let a a and b a be oscillators with the commutation relations 

K, b 13 } = 5j , [a a , a p ] = 0, [b a , b 13 ] = . (3.2) 

The generators of sp(2) © sp(2) admit the standard oscillator realization [27] 

1 1 * * * 

= 2"C a «' ^} _ &7 }*« » P a p = a a ap + \ 2 b a bp . (3.3) 

Instead of working with operators, it is more convenient to use the star-product 
operation in the algebra of polynomials of commuting variables a a and b a 

(f*g)(a,b) = ^ J f(a + u,b + t)g(a + s,b + v)e 2(Sata - UaVa) d 2 ud 2 td 2 sd 2 v. (3.4) 

Equivalent ly, 

(/ * g){a, b) = f(a, b) e h g ( a , b) . 

The star-product defined this way (often called Moyal product) describes the associa- 
tive product of symmetrized (i.e., Weyl ordered) polynomials of oscillators in terms 
of symbols of operators. The integral is normalized so that 1 is the unit element of 
the algebra. In particular, 

1*1=1 f e ^t"-u a v«) d 2 u d 2 f d 2 s d 2 v = L 
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From (13.4j) it follows that 

1 d 

a a *f(a,b) = a a f(a,b) + -—f(a,b), 

1 d 

b a *f(a,b) = b a f(a,b) + -—f(a,b) . 

In particular, the defining relations of the associative star-product algebra are 

[a a ,b%=5j, [a a ,a p ] i , = 0, [b a ,b% = 0, (3.5) 
where [a, &]* = a * b — b* a. The star-product realization of the o(2, 2) generators is 

L a /3 = 7^{a a bf3 + a p b a ) , P a/3 = a a a p + X 2 b a bp . (3.6) 
For convenience, from now on we set the AdS% radius equal to unity (A=l). 
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4 BTZ black hole as flat connection 

Since BTZ black hole is locally equivalent to AdS% it can be described by a flat 
connection of sp{2) © sp(2). Indeed, let w be a sp{2) © sp(2) valued 1-form 

w (a,b\X) = l -^{X)L aP + h^{X)P a ^ (4.1) 

where P Q/ g and L a p are the AdS3 generators (13. 6j) while cj Q/ g(X) and h a p(X) are 
1-forms. Then the zero-curvature condition 

R = dw - w * Au> = (4.2) 

is equivalent to the equations 

du a (3 + A CJ 7/3 + A /i/? 7 = 0, (4.3) 

dh aj3 + ^Ua 1 A /i 7/3 + -u^ 7 A h ai = 0. (4.4) 

Identifying u a p with Lorentz connection and h a p with dreibein, (I4.4p gives the zero 
torsion condition while (14. 3 j) implies local geometry. 

The equation (14.21) is invariant under the gauge transformations 

<5u> = - [w , e]* , (4.5) 

where e(a, 6|X) is an arbitrary infinitesimal gauge parameter. Any fixed vacuum 
solution wq of the equation (14.21) breaks the local symmetry to its stability subalgebra 
with the infinitesimal parameters eo(a,b\X) satisfying the equation 

de - [w , e ]* = 0. (4.6) 

Consistency of this equation is guaranteed by (14. 2p . Its generic solution has at most 
six independent parameters, the global symmetry parameters. How many of these 
survive in a locally AdS 3 geometry depends on its global properties (i.e., boundary 
conditions). The true AdS% space-time has all six symmetries which are o(2,2) mo- 
tions of AdS^. For the generic BTZ black hole solution only two of the six parameters 
survive. 

Locally, the general form of the dreibein and Lorentz connection of sp(2) © sp(2) 
algebra that satisfy (14.31) and (14.41) is 

Kp = (WTV^WiK/J - (W 2 ) a ' y d(W^%p, (4.7) 
u«p = (Wf V<W 7/3 + (w 2 ) a ^d(w 2 -%p, (4-8) 
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where W li2 J{X) G Sp{2), i.e., 

{W$)at> = ~(Wl,2ha. (4.9) 

From (14. 7p it follows that the metric is 

ds 2 = \h aP h aP = \dS a pdS aP , (4.10) 

where 

S a p = {W l ) a \W 2 ) lP . (4.11) 

Thus, any locally AdS% metric is determined by a Sp{2) matrix field S a p(X). (Note 
that, generally, S a p ^ Sp a -) To obtain the BTZ metric (12.41) one can use the matrix 
5*0 (12.121) with the parametrization (I2.9p . 

A class of the dreibeins (14 .7p and Lorentz connections (14.81) . that are well-defined 
with respect to the identification <fi — > <p + 2tt, can be found using the following 
decomposition of the matrix So (12.121) : 

So J = {K+U r K-)J (4.12) 

with the Sp(2) matrices K± and U r of the form 



i e~2^t) o \ TT ( VA -VB \ 1oN 
= ' e-KW> J ' Ur= {-VB ) • ^ 413) 

Note, that K± belong to the Abelian BTZ Killing subgroup of Sp(2) x Sp(2). 

Setting Wi = K + U! and W 2 = U 2 K„ with U X U 2 = U r , we reproduce ffl~T2l in the 
form (I4.11I) . The corresponding dreibein and Lorentz connection 

h = U^K^dK+Ux - U 2 K^dKZ 1 U 2 1 + U^ x dU x - U 2 dU 2 \ (4.14) 

uj = U^ x K+ x dK+U x + U 2 K^dKZ x U 2 x + U{ x dU 1 + U 2 dU 2 l (4.15) 

do not depend on t, as soon as U Xi2 = U Xt2 (r). Therefore they remain well-defined 
in the BTZ case upon the identification — > + 2n. 
It is convenient to use the following matrices U X2 



\BJ V v(r)VA n{r)VA J ' 2 \ -/i _1 (r) r](r)VAB 

(4.16) 

where ^(r) are some functions that depend on the radial coordinate and satisfy 

fi(r)rj(r) = A -1 (r) . (4.17) 
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The resulting matrices W lo P = (K+U^J, W 2 J = (U 2 K-)J are 



p _ ju + x ( -fi(y-v) 



y — v\r](u — x) fi(u-x) 



^=m/— ( \ , ° J. (4.18) 

\y-v\-fi~ 1 r)(u-x){y-v) J v ; 

According to (14.71) and (I4.8p . the corresponding dreibein and Lorentz connection have 
the form 

hu = Ay 2 ^-dt + d(f>+ 7}j-^ dA 

h 12 = h 21 = dt - ^-dA, (4.19) 
h 22 = -pT 2 (dt + dj>- TfjgdA 



w n = Atf \ -di + d<p + 7^jg dA 
1 2 

w 12 = u 21 = —d<p - Tr-rdA dfi, (4.20) 

-2 ( ~ ~ 1 

w 22 = /i I dt + d(p - -^j^ dA 

where A,B and <f), t are defined in (I2.10p and (12. lip , respectively. These expressions 
are well-defined on S 1 with the cyclic coordinate (f> ~ (ft + 2n. 



5 Gauge function 

Locally, the equation (14. 2p admits a pure gauge solution 

w {a, b\X) = -# _1 (a, b\X) * dg(a, b\X) , (5.1) 

where g(a, b\X) is some invertible (g~ x -kg = g-k g~ x = 1) element of the star-product 
algebra. Once the gauge function g(a,b\X) is known, in the unfolded formulation 
this is equivalent to the full solution of the linear problem. In particular, the global 
symmetry parameters satisfying (14. 6 p have the form 

e (a, b\X) = g-\a, b\X) * f * g(a, b\X) , (5.2) 

where £ = £(a, b) is an arbitrary X-independent element of the star-product algebra. 
In Section it is explained how the knowledge of g(a, b\X) allows one to reconstruct 
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a generic solution of free field equations. As is well-known, the pure gauge represen- 
tation (15.11) is invariant under left global transformations 

g{a,b\X)^f{a,b)*g(a,b\X) (5.3) 

with an X-independent star-invert ible f(a,b). 

Using the results of [20] we obtain that the gauge function g(a,b\Wi,W 2 ), that 
generates (14.71) and (14.81) via (15. ip . is 

g{aMW^W 2 ) = .i=== === exp ( - V^)T+ - (W 2 )T^\ 

^/det||(Wi + l)(Wb + l)|| v 2 2 J 

g-\aMW^W 2 ) = = === =e X p(^{W 1 )T+ +^(W 2 )T^ 

^/det\\(W 1 + l)(W 2 + i)\\ v ^ 2 

(5.4) 

withl 

n -"W = n "«W = (^Tl)«, < 5 ' 5 > 

and 

T^p = a a ap + b a bp ± (a a bp + b a ap). (5.6) 

Here are the generators of the sp(2) subalgebras of sp{2) ©sp(2) generated by the 
two mutually commuting sets of oscillators = a a ± b a satisfying the commutation 
relations [a*, a^]* = ±2e a p. In practice, it is often convenient to use the star-product 
defined in terms of mutually commuting oscillators aa3 

(/ * Q)^) = j^y 2 j /(« ± + u)g{o^ + v)e^ a d 2 ud 2 v . (5.7) 

Taking into account that = a^Op, the following useful formula for the gauge 
function ( 15. 4p results from ( 15.71) (for more detail see |20j) 



g(a, b\K h K 2 ) * g{a, b\U u U 2 ) = g(a, b\KJJ u U 2 K 2 ) (5.8) 

at the condition that the matrices K\^ 2 + 1 and U\ t2 + 1 are non-degenerate. Owing 
to the equality 

n af3 (w) = -n^iw- 1 ) , 



3 A matrix fraction ^ is understood as A~ X B. Note that (|5.5[) is an analogue of the so-called 
Caley's transformation. 

4 Note that linear transformations of the generating elements of the Weyl star-product form au- 
tomorphisms of the star-product algebra. This is the consequence of the definition of the Weyl 
star-product as resulting from the totally symmetrized ordering prescription in terms of the gener- 
ating oscillators, which is insensitive to the particular choice of basis oscillators. 
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the transformation of the gauge function (15. 4p 

g(a, b\W h W 2 ) -> g(a, b\W h W 2 ) * A' 1 (a, b\V) (5.9) 

with 



-a/3 J J ' 

A^MI^) = det|| ^ +1|| exp ( - ~IT^)(T+ - T Q -)), (5.10) 
where V^g(X) G Sp(2), describes the local Lorentz transformation of the dreibein 

h a p^V\V s p h lS , (5.11) 

that leaves invariant the metric (I4.10p . 

Also from (I5.8P it follows that the dreibein (14.141) and Lorentz connection (14. 15j) 
are reproduced by the gauge function of the form 

g(a, b\t, 0, r) = $(a, b\t, <p) * U(a, b\r) (5.12) 

with 

$(a,&M) = 4 exp ( - ~tt a/3 ( K+)T+ - -U a(S (K)T~ a ) , 

V ' J v/det||(K + + l)(K_ + l)|| P V 2 ^ +J ^ 2 K ' a/ V ' 

Ufa, b\r) = 4 exp ( - -n a/3 (f/ 1 )T+ - -U af3 (U 2 )T^ '-) , 

provided that C/iC/ 2 = t/ r (Q3]) . 

Note that the metric (14.101) is invariant under global left and right group multi- 
plications of S 1 S (X) S — > HSH, where H and H are some X-independent elements 
of Sp(2). We will use this ambiguity in Section [6] to analyze the problem away from 
the outer horizon. For that purpose let us choose 

S j5 = (HSoU (5-13) 
with the constant matrix H of the form 

Hf - ( a / a ) , (5,4, 

where a 2 = A(ro) and (3 2 = B{tq) for some ro > r+. From (12.101) it follows that 
a 2 — f3 2 = 1 . The new matrix S^s is 

s = ( a(y - v) + (3(x - u) a(x + u) - (3(y + v) \ (5 15) 

7<5 I (3{y — v ) + a(x — u) (3(x + u) — a(y + v ) J 
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Taking into account (14. lip and (15.81) . this transformation is reached by 



g(a, b\W u W 2 ) -> K(a, b\H) * g(a, b\W u W 2 ) , (5.16) 

where 



K(a,b\H)= ; e -^iHK S . 

y/det\\H+ 1|| 

Thus, dreibein and Lorentz connection remain invariant under the transformation 

dsn. 

Note, that K(a,b\l) = 1. As explained in the next section, the case with 
K(a,b\H) 7^ 1 plays a role of regularization that allows us to analyze the prob- 
lem away from a point where a solution of interest develops singularity. After the 
solution is found we remove the regularization by setting a — 1, j3 — 0. 



6 Unfolded equations for 3d massless fields and 
Fock module 

To formulate free dynamical equations for massless fields in the BTZ black hole 
background we follow the unfolded formulation of the massless field equations worked 
out in [2E1 [221 ED] ■ In particular, as shown in [22] , the free field dynamics of massless 
spins s = and s — | in AdS^ can be formulated in a manifestly conformal invariant 
way in terms of sections of a certain Fock fiber bundle. Namely, consider space-time 
fields that take values in the Fock module generated by the oscillator b a 

\C(b\X))=C{b\X)*\0)(0\, (6.1) 

where C(b\X) is the generating function 



C ^ = E M C m...* k {X)b^ ■ ■ ■ b ak , (6.2) 

fc=0 

and |0)(0| = e~ 2aih ' is the Fock vacuum satisfying 



a a *|0)(0| = 0, |0)(0|*6 a = 0. (6.3) 
The dynamical massless scalar and spinor fields identify with the lowest components 

C(X) = C(b\X)\ b=Q , C a (X) = -£-C(b\X) , . (6.4) 



db° 



b=0 



The dynamical equations for massless fields in a locally Ad S3 space-time can be 
formulated in the unfolded form 

d\C(b\X)) - w {a, b\X) * \C{b\X)) = , (6.5) 
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where Wo(a,b\X) fulfils the zero-curvature condition (14. 2p . Let us show that (16.51) is 
equivalent to conformal Klein-Gordon and Dirac equations along with constraints that 
express higher multispinor components in the expansion (16.21) via higher derivatives 
of the dynamical fields [22J. Using (14. ip . the equation (16.51) can be rewritten in the 
component form as 

k(k — 1) 1 

DC ai ... ak = — ^(a 1 a 2 Ca3-afc) C/3Aai...a fe > (6.6) 

where parentheses denote total symmetrization and D is the Lorentz covariant dif- 
ferential 

k 

DC ai ... ak = dC Ql ... ak + -o; (a JC 7Q2 ... afc) . 
Setting k = and k = 2 one gets from (16.61) 

D n C = h n al3 C a p, (6.7) 

Using that G a ^ is symmetric in its indices we obtain from (16. 7p . (16. 8p the Klein- 
Gordon equation for the scalar field C(X) 

DC = D n D n C = ^C . (6.9) 

Analogously, from the equations (16.61) with k = 1 we obtain the Dirac equation 

h n , a0 D n CP = O. (6.10) 

All other fields in the multiplet (I6.2p are expressed by (16. 6p via derivatives of the 
dynamical fields (16. 4p . 

The gauge transformation (14. 5 p acts on the Fock module in a natural way 

S\C{b\X)) = e(a, b\X) * \C{b\X)) . (6.11) 

In particular, the Lorentz transformation (15.91) of the gauge function acts as follows 

\C{b\X)) - A(a, b\V) * \C(b a \X)) = \C(V a %\X)) , (6.12) 

where A(a, b\V) is defined in (15.101) . 

Choosing wo(a, b\X) in the pure gauge form (15.11) . one obtains general local solu- 
tion for \C(b\X)) in the form 

\C(b\X)) = g-\a, b\X) * |C(&|X„)> = g-\a, b\X) * C{b) * |0) <0| , (6.13) 
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where \C(b\X Q )) = C(6)*|0)(0| plays a role of initial data. The meaning of the formula 
(16.131) is that, for g(a,b\X ) = 1 at some X = X , it gives a covariantized Taylor 
expansion that reconstructs a solution in terms of its on-shell nontrivial derivatives 
at X = X parameterized by C(b). Note that this interpretation can be adjusted to 
any given regular point Xq by the redefinition of the gauge function 

g(a, b\X) - g(a, b\X) = g~\a, b\X ) * g(a, b\X) (6.14) 

that leaves unchanged the flat connection (14.71) and (14.81) . effectively implying the 
redefinition of the C(b) 

\C(b\X)) = ~g- 1 (a,b\X)*C(b)*\0)(0\, (7(6) * |0)(0| = g~\a, b\X ) *C(b) * |0)(0| . 

Clearly, this formalism cannot be applied to a point Xq at which a solution C(b\X) 
develops a singularity. In practice, a space-time singularity at X manifests itself 
in the nonexistence of the corresponding C(b) * |0)(0| (note that the star-product of 
nonpolynomial functions is not necessarily well defined). The way out is to perform 
some redefinition (16. 14|) that would correspond to the analysis at some regular point 
of the solution. 

The unfolded form of massless field equations (16.61) is manifestly conformal in- 
variant with the 3d conformal algebra sp(4) ~ o(3, 2) generated by various bilinears 
of the oscillators (13.21) . It can be extended to the massive case by the replacement 
of the usual oscillators a a , b a with the so-called deformed oscillators along the lines 
of [13] (and references therein) or using the Fock module realization of the deformed 
oscillator algebra with the doubled number of oscillators as in [22J and in this pa- 
per. (Note that, as expected, the conformal algebra sp(4) breaks down to the AdS% 
algebra sp{2) © sp{2) in the massive case because of the properties of the deformed 
oscillators.) As the corresponding formulation is technically more involved the case 
of arbitrary mass is not considered in this paper. 

In the standard formulation, the case of a massive scalar field in the BTZ black 
hole background (12. 4p was originally considered in [231 1211 • A solution of 

nc = m 2 C 

with definite energy E and angular momentum L has the form 

C(t, r, 0) = e- iEt e iL ^R{r) , (6.15) 

where 

R(r) = (1 - A^y 1 ) ^ A(r)-y(r) , (6.16) 

P -'W^h- Q ^W^~y " 2 =47(1 -7) (6.17) 
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and 

f(r) = K l F{P+ 1 , Q+7, 2 7 ; A(r)- 1 )+^ 2 A(r) 2 ^ 1 F(P+l- 7 , Q+l-7, 2-2 7 ; A(r)- 1 ) 

with Ki, K 2 being integration constants. A(r) is defined in (I2.10p and F(a, b, c; x) is 
the hypergeometric function. Note that the substitution 7^1 — 7 interchanges the 
two independent basis solutions. The massless case (16. 9p corresponds to m 2 = 3/4 
and, consequently, 7 = 1/4. 

In the rest of this paper we show how known results for massless scalar and spinor 
fields in BTZ black hole background are reproduced in our approach. To single out 
the states with definite energy and angular momentum in the multiplet \C(b\X)) we 
impose the following conditions 

e t * \C(b\X)) = -iE\C(b\X)) , * \C(b\X)) = iL\C(b\X)) , (6.18) 

where et = g~ x * £t * g , e^ = g~ x * £^ ★ g are the symmetry generators of the BTZ 
Killing vectors ^ fl2TT5l) and f fl2T6l) . Using fIBTTBl we rewrite fIBTTBl as 

^★C(6)*|0)(0| = -iEC{b) *\Q)(Q\ , ^★C(6) ★ |0)(0| = iLC(b) * |0)(0| . (6.19) 

To analyse these equations, which define initial data C(b), we have to find the form of 
the generators & and £^ in the star-product algebra. This is done in the next section. 

The following comment is now in order. The solution (16.151) is singular at r = r + . 
Therefore, it cannot be treated in the unfolded formulation within the expansion at 
the horizon. Indeed, in Section[H]we will see that the equations (16.191) . that correspond 
to the expansion at r = r + , admit no solutions with C(b) regular in b a , that can be 
interpreted in terms of the Fock module. Note, that since the gauge function (15. 4p 
is regular on the horizon, this means that the singularity of a solution results from 
the condition that it carries definite energy and momentum and can be avoided by 
relaxing this condition. 

To see that the gauge function (15.41) indeed corresponds to the expansion near 
horizon we observe that it can be transformed to unity by a Lorentz transformation. 
Actually, according to (15.91) and (16.131) the Lorentz transformation A(a, b\Wo) acts on 
g(a, b\Wi, W 2 ) as 

g(a, b\Wi, W 2 ) = g(a, b\Wi, W 2 ) * A^a, b\W 2 ) = g(a, b\W x W 2 , 1) 

and thus, 

g{a,b\W 1 {X ),W 2 {X )) = l iff W 1 (X )W 2 (X ) = 1 . 

The choice of the gauge function (15.161) with H^ 5 = 5^ 5 corresponds to S^ 5 = 
(HW^)^ = 5^ at the point X = {r = r+, t = 0, = 0} that belongs to the 
horizon. Indeed, S , (A ) 7 ' 5 = 5 7 5 implies v = x = y Q = 0, u = 1 that corre- 
sponds to r = r + , t = 0o = 0. To avoid this problem we apply the transfor- 
mation (15.161) to achieve the redefinition (I5.15p . Now S , (A ) 7 <5 = S^ 5 at the point 
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X Q = {r > r+,t = 0,0 = 0} which, unless a = 1,(3 = 0, is regular thus allowing 
consistent unfolded analysis at least in some its neighbourhood. The regularization 
with a / 1 and (3 ^ is necessary for intermediate calculations (see Appendix B) 
while the limit a — > 1, (3 — > can be taken in the final expression for C(b\X). Recall, 
that the ambiguity in does not affect BTZ black hole connections (14.191) . (14.201) . 



7 Star-product realization of AdSs Killing vectors 



Any Killing vector ^ of AdS 3 is a linear combination of J a b (12.141) . i.e., 

%z = Wj<*, (7.1) 

where n ab = -0 6a are some constants. In the star-product algebra it corresponds to 
a global symmetry generator £ that belongs to sp{2) © sp{2) algebra, i.e., 

£ = M^Lap + {K 2 ) a PP a p (7.2) 

with some constant matrices K\ and k 2 . To find £ t and £^ associated with the BTZ 
Killings and let us evaluate the on-shell action of the generators L af3 and P a p 
on the scalar field. We will use the gauge function (I5.16P with S a p ( 15.151) . 

Let us introduce the generating parameters £ L = (Ki) al3 L al 3 for a Lorentz gener- 
ator and £ p = (n 2 ) a,3 Pap for a AciS'-translation generator. Using (15. 2p . (15. 4p . (16. lip 
and the equations of motion it is not hard to obtain (see Appendix A for details) 

5 L C(X) = ^(K^C^dnCiX) (7.3) 

and 

S P C(X) = {K 2 )^V aP n d n C{X) , (7.4) 

where 

Paf3,n = dnSa-fSp^ — d n S^ a S^ (3 , C^ a ji,n = ~Z (d n S a ^S + d n S^ a S^ p) . (7-5) 

Substituting (15. 15ft into ( 17.5ft and comparing the resulting expression with the AdS 
Killing vectors (12.141) we obtain 



C 



■yS 



a(3(J l2 - Jos) ~ a 2 J 23 - (3 2 J m + J 02 -a(3(J m + J 23 ) - a 2 J 03 + (3 2 J l2 
-a/3{J 01 + J 23 )- a 2 J 03 + (3 2 J 12 a/3{J 12 - J 03 ) - a 2 J 23 - (3 2 J m - J m 

V ( a(3(Ji 2 - J 03 ) - (3 2 J 23 - a 2 J i + Ji 3 -a(3(J 01 + J 23 ) - (3 2 J 03 + a 2 J l2 

15 V + </ 23 ) - (3 2 Jo3 + a 2 J 12 a(3(J 12 - J 03 ) - (3 2 J 23 - a 2 J i - Jib 

(7.6) 
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From here we find that the components J03 and J12 which contribute to the BTZ 
Killing vectors (12.151) and (12.161) are 

J03 = - -r] 5 C yS , (7.7) 

J12 = \rfV l5 + l -rfC l5 , (7.8) 

where 

Note that the matrices T\ and r 2 satisfy 



75 75 
r 2 



1 

1 



Thus, the oscillator realization of BTZ Killing vectors on the Fock module is 

6 = \{r-rf +r + T] S )L l5 + \(r + Tl S + r_r/)P 7 , , (7.10) 
U = ~l(r + rf + r^ S )L, s -\(r_rf + r + r^)P lS . (7.11) 

8 Explicit solutions for massless fields 

Having found the oscillator realization of BTZ Killing vectors 1 17. 10p . (17.111) . we can 
rewrite the equations (16 . 1 9[) on the generating function for a field with definite energy 
and angular momentum in the following form 

(r 2 -n)^(L-ip)^*C7(6)*|0)(0| = -APC{b) * |0)(0| , (8.1a) 
{r 2 + r i y\L + ^P) 1 ^C{b)^\Q){Q\ = -4QC(6)*|0)(0|, (8.1b) 

where P and Q are given in (I6.17p . Let 

b a = (p,q). (8.2) 
Then the system (18 .ip amounts to the two second-order differential equations 

(pd p - qd q +pq - d p d q )C(p,q) = -4PC(p,q), (8.3) 
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- a(3 (d p d p + d q d q + p 2 + q 2 + 2pd q - 2q d p ) C(p, q) 

+ (a 2 + (3 2 ) (pd p -qd q + d p d q -pq) C(p, q) = -4QC(p, q). (8.4) 

Note that the case of a = 1 and f3 = is degenerate reducing the sum of the equations 
(18. 3p and (18. 4p to the first order equation. As a result, the system (18.31) . (18.41) at a = 1, 
(3 = admits no solutions regular in b a . Indeed, in this case from (18.31) and (18 .4p it 
follows that 

(pd p - qd q )C(p, q) = -2(P + Q)C(p, q) 

and, therefore, C(p, q) = p^ 2<yP+ ^x{PQ) is n °t regular in the oscillators b a for physical 
values of P and Q. 

The substitution C(p,q) = e pq f(p,q) reduces f !8.3j) to 

(d p d q + 2q d q )f(p, q) = (4P - l)/(p, q), (8.5) 

which can be solved as 

oo 

f(p, q) = J e -V s2 g(s)e ps ( S - + q) 2P ^ds , (8.6) 

— oo 

where g(s) is still arbitrary. Plugging this into (18.41) leads to the differential equation 
for g(s) 

aPg"(s) - l -sg\s) - (Q + ^)g(s) = 0, (8.7) 

which is the confluent hypergeometric equation. Its general solution can be expressed 
in the integral form as a superposition of the following two basis solutions 

oo oo 

J w 2Q -h- a(3w2+sw dw and J w 2Q -h- a/3w2 - sw dw . (8.8) 



The integrals are convergent since a [3 > and ReQ > — \. 
Abusing notation, we denote general solution of (18.71) as 

w 2Q -h~ a(3w2+sw dw, (8.9) 

assuming by this a linear combination of the integrals 

oo 

J w 2Q -h- at3w2+sw dw and J w 2Q -h- a ? w2+sw dw. (8.10) 
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Note that although the second integral in (18.101) is infinitely-valued, the ambiguity is 
modulo an arbitrary constant phase factor that can be absorbed into an integration 
constant. 

Using g(s) from (18. 9p and changing the integration variable s — > s — 2q in (18.61) . 
we obtain the generating function in the form 

oo 

C(p,g) = e- p9 J ds y'd W e-$ (s - 29)2 - a/3 " 2+(s - 29)u ' +s V p -^ 2Q ^ 

— oo 

oo 

= j ds j dwe m ^ hlbS+n - b \-^ w2+sw -^ s \ 2p -^w 2Q - k ^ (8.11) 

— oo 

where we use the notation 

( ~\ \ , <* 

rriys = _i _a I , n 7 = (s, —s - 2w). 

\ 2 / P 

Using (18. lip and (15 . 16[) one can calculate generating function (16. 13j) . redefining the 
integration variable (3w — > w and setting then a = 1, (3 = 0. We obtain the following 
integral representation for the generating function C{b\X) up to a constant factor 
(see Appendix B) 



oo 

C(b\t,r, ( p) = e- iEt e^A(r)- Q - l 2(l-A(r)- 1 ) £ ^ 1 e- blb2 [ ds I dw s 2P ^w 2Q -^ 



(S^ UJ^ 1 SIX) \ 

"T " iMr) + 2Mr) + " Vir)wb j ' (8 - 12) 

where A{r) and fi(r),r](r) are defined in (I2.10p and (I4.17p . respectively. Note that, 
as discussed in Section E] and in the beginning of this section, the formalism does 
not allow to set a — 1, (3 — in C(b) before completing its star multiplication with 
g-\a,b\W u W 2 ). 

By construction, the generating function (18.121) gives solutions of free massless 
equations in the BTZ background along with all derivatives of the massless fields as 
coefficients of the expansion in powers of b a . Using the standard integral represen- 
tation for the hypergeometric function (see, e.g., [29]) the generating function (I8.12p 
can be written in the form 



oo oo 



C(b\t, r, 0) = e" i£ V^(l - A-^A-i ]T £ M \ V) A^ib^ib 



mini 

m=0 n=0 



2m +1 „ 2n + l 1 A _ „ 2m + 3 „ 2n + 3 3 



w ( p + —4—, <5 + — j-, 2 ; A J + K%A ~* F I p + ~~ r - - Q + ~~ i - - 2 ; A " 

(8.13) 
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where K\, K% are arbitrary integration constants and P, Q are defined in (I6.17p . 

As explained in Section [6j a solution for the scalar field is given by C(0|X) (16.41) . 
So, from (18.1 3p we obtain 

C(t, r, (f)) = e - iEt e iL <t> (1 - A~ l ) ^ A~* 

K 1 f(p+\,Q+ 1 -, 1 -; A-^ + K*A-*F (p + ~ Q + ^ A' 1 

(8.14) 

This formula coincides with the solution of massless scalar equation (I6.9P in the BTZ 
background originally obtained in [23l 124"] for any value of mass. 

Also it is now straightforward to find from (18.131) the solution for the spinor field 

c Q (x) fl£3D 

C a (t, r, 0) = e - iEt e iL * (l - A' 1 ) ~ A~*{K X + K 2 fa,), (8.15) 
^1 = 



with 



and 



fiF (P+IQ + H-A- 1 ) 
-(Q + DvF (P + IQ + f,f; A- 1 ) 



2 



(P+D^FiP+lQ + l^A- 1 ) 
-r ] A^F(P + \,Q + l\;A~ 1 ) 

Different choices of the functions f/,(r),r)(r) ( 14.171) correspond to different Lorentz 
gauges in the general solution of Dirac equation ( I6.10P with definite energy E and 
angular momentum L in BTZ black hole background. Note that our Lorentz gauge 
differs from that of 



9 Extremal BTZ black hole 

Exact solutions for the Klein-Gordon and Dirac equations in the extremal BTZ back- 
ground were found in [30J and [31] . In the extremal case with M — \J\ the two 
horizons coincide and the parametrization ( 12.9P cannot be used. As before, black 
hole connection wo(a,b\X) is expressed via the gauge function g(a, b\W±, W2) but 
now the ambient coordinates X a are parameterized differently (see [IT]). In the ex- 
tremal case the Killing vector responsible for the identification (12.131) has additional 
terms that cannot be removed by a S'0(2, 2) transformation 

d 

_ = _Ar + J 12 + Ar_J 03 + J 13 - J 23 - (9.1) 

Consequently, the system of equations (18.1 ft changes its form. Fortunately, to obtain 
the solutions in the extremal case it is not necessary to solve the equations again. 



20 



As pointed out e.g. in [32] one can simply take the limit for the solutions (18.141) and 
(151511 . Namely, 

.(E-L)(r+ + r-) 



A~ l P = K 



2(r 2 -r 2 ) 



is regular in the limit r + — > r_ (P is defined in (16.171) ). Now let us substitute A^ 1 = 
in (I8.14p . (18.151) and consider the limit r + — > r_ or, equivalently, P — > oo. The result 
can be written in terms of Whittaker functions M pq (x) [53] . 
For the massless scalar we obtain 

C(t, r, 0) = e -^e^ (#iM_ Q) _ i (« 6 ) + K 2 M_ Q> i (« e )) , (9.2) 

where 

K e = Z r - (9-3) 
1 e 

and r e is the horizon of the extremal black hole. One can easily check that this 

solution indeed satisfies the conformal Klein-Gordon equation written in extremal 
black hole background. 

For the massless spinor we have 

C a (t, r, <P) = e~ iEt e %L \K x tfj la + K 2 fa a ), (9.4) 

with 



flM_ Q i(K eJ 



A 



-(Q + i)^ e ^M_ Q) iK) 
and 

/ //M_ Q i(« e ) 
wi — \ -- 

where Ki,K 2 are arbitrary constants. 



10 Symmetries of massless fields in BTZ black 
hole background 

Any fixed vacuum solution (14. Xp of (14. 2p breaks local HS symmetries to the global 
symmetries associated with the stability subalgebra with the parameter e (a, b\X) 
satisfying (14.61) . The BTZ boundary condition (12.131) restricts the space of solutions 
of (14. 6p thus providing a (non-local) mechanism of spontaneous symmetry breaking. 
Namely, only those symmetries remain well-defined upon the factorization (12 . X 3[) that 
commute to the Killing vector £^ responsible for the angle identification 

[£(a,&U*]* = 0, (10.1) 



21 



where £(a, 6) is the generating parameter in (15. 2p . The spaces of solutions of (110. ip 
are different for generic and extremal black holes. We, therefore, consider these cases 
separately. 

Let us start with the case of generic black hole — r 2 > and given by (I2.15P 
with its star-product realization ^ (17. lip . To make contact with the gauge function 
(15 .4p . we set a = 1 and (3 = 0, thus 

t* = -\r-r' S L, & - \r + r' & P, s , r* = [\ J ) . (10.2) 

To solve the equation (110.11) it is convenient to introduce the new set of oscillators 

Pa, qp 

1 1 

Pl = vi + ' P2 = 71 ~ 6 ' 

91 = ^(02-62), 92 = ^(^2 + 62) (10.3) 
that satisfy the commutation relations 

\Pa,Pf>]* = [q°, q% = , [ Pa , q% = 6 J (10.4) 
and are chosen so that ^ takes the following simple form 

^ = ~A a %q" , AJ = ( r+ + ^ r _ ! r+ ) • (10.5) 

Note, that since the oscillator commutation relations remain unchanged, the same 
star-product formula (13.41) is valid with a and b replaced by p and q, respectively. 
The equation ffTaT]) gives (cf (jBlj) ) 

Infinitesimal HS symmetries we are interested in correspond to local transformations 
with a finite number of space-time derivatives. The corresponding symmetry gener- 
ating parameters q) are described by polynomial functions of the oscillators. A 
class of polynomial solutions of (110.11) depends on the parameter 

a= r -±±^. (10.7) 
r + — r_ 

There are following different cases: 
• a <£ N 
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For any positive non-integer a the general solution of (110.61) is 

£(p, q)=J2 Rmn{qmT(q2Pi) n ~ ^ £m»(fr) m (6) n , (10-8) 

where R mn are arbitrary constants. Note, that the conformal algebra sp(4), spanned 
by various bilinear s of oscillators (110.31) . is broken to the u(l) © u(l) subalgebra 
spanned by the BTZ Killing vectors £^ and £ t (equivalently, q\p 2 and q 2 p±). 

• a = 2,3,... 

In the interesting case of positive integer a a larger class of HS symmetries survives. 
General solution of fll0.6|) is 

£(P,9) = ^i?n 1 n 2mim2 (giP2) ni (^l) n2 (PlP2) mi (?l?2) m2 ■ (10-9) 

The conformal algebra sp{4) is still broken to u(l) ©-u(l). The condition a = 2, 3, . . . 
imposes specific quantization of the mass M in terms of the angular momentum J 

since a = <J m-jx • ^ or ^ ms case ^ f°H° ws that p + = (p~) CT which means that one of 
the holonomy operators involved in the factorization of BTZ black hole is the integral 
power of the othei@. 

• a = 1 

This is the case of non-rotating black hole with J = 0. Polynomial solutions for 
£{p,q) are 

£(P, ? ) = ^ i2 -i- 2 n 1 n 2 (giP2) mi (?2Pl) m2 (piP2) ni (?l?2) n2 • (10.10) 

The distinguishing property of the non-rotating black hole is that in this case a larger 
part of the conformal symmetry survives. It is generated by the bilinears q\p 2 , q^Pii 
P1P2, q\q 2 and is isomorphic to gl(2). In addition to BTZ Killing vectors, it has two 
generators of special conformal transformations associated with bib\ and 62^2- 

Let us proceed to the extremal case. The Killing vector of the extremal black hole 
with r_ = r + = r e responsible for the angle identification is defined in (I9.ip . Using 
(17. 6p and setting a = 1, (3 = 0, the expression for £^ in p, q oscillators reads 

^ = -r ePl q 2 + \ {{pif ~ {qif) • (10.11) 
Performing simple star-product calculations, we rewrite ( 110. II) in the form 

P Qp2 $ Qgl ) ^ P Qgl Q Qpl ( ) 

The cases with r e 7^ and r e = (i.e., M = J = 0) require different consideration. 



3 We are grateful to S. Car lip for drawing our attention to this fact. 



23 



• r e ^0 

The general polynomial solution of (110.121) is 

£(p, q) = J2 Rmn(Pi) m (2r e q 2 - . (10.13) 

One observes that, in addition to the usual w(l) © w(l) algebra generated by Killing 
vectors £t and extremal black hole has one Killing spinor generated by q±. This 
is in accordance with [M] where supersymmetry of an extremal BTZ black hole was 
found. 

• r e = 

The vacuum case of M = J = provides the black hole background with the maximal 
number of supersymmetries and generic £(p, q) of the form 

£(p,g) = ^i? m „ fc (pi) m (gi)"(gig 2 +Pip 2 ) fc . (10.14) 

It has two exact supersymmetries [31] generated by p\ and qi and a part of conformal 
algebra spanned by pip±, q±qi, qiPi, <7i<?2 + which is isomorphic to E 2 © u(l), 
where E 2 is the algebra of motions of a two-dimensional Euclidian plane. 

Note that in our approach it is elementary to obtain explicit formulae for the 
symmetry transformation laws. The corresponding symmetry parameter (15.21) for 
any generating parameter £(a, 6) results from the differentiation of the generating 
parameter (lA.ip from Appendix A with respect to the sources fi a , rip. 

11 Conclusion 

We have shown that the BTZ black hole can be concisely formulated in terms of 
the star-product formalism underlying the present day formulations of nonlinear HS 
gauge theories. Satisfying the o(2, 1) © o(2, 1) zero-curvature condition, the BTZ 
black hole is automatically an exact solution of the nonlinear 3d HS gauge theory. It 
is shown how the star-product formulation allows one to solve free field equations in 
the black hole background. 

The leftover higher spin and lower spin symmetries of massless fields in the BTZ 
black hole background are found. In the case of M > non-extremal BTZ black 
hole, the conformal algebra o(3, 2) ~ sp(A) turns out to be broken to the u(l) © u(l) 
subalgebra generated by BTZ Killing vectors and to gl(2) in the cases of J > and 

J = 0, respectively. For a = J = 1? 2, . . . the leftover HS symmetries get 
enhanced. A physical interpretation of this enhancement remains to be understood. 
Our analysis of extremal BTZ black hole reproduces the previously known lower spin 
(super)symmetries and determines their HS extensions. 
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We hope to extend the obtained results in the following two, most likely related, 
directions. Firstly, to Kerr solutions of nonlinear HS gauge theories in four and higher 
dimensions and, secondly, to BTZ-like solutions in the generalized space-times with 
matrix coordinates which are Sp(M) group manifolds in the AdS-\ike case. 
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Appendix 

A. Action of (angular) momentum operator on a scalar field 

To find the on-shell action of L a p and P a p generators on the scalar field let us consider 
the generating parameter 

f = exp(a ay u Q + b a rj a ) 

with constant sources \x a and T] a . As shown in [2U], the global symmetry generators 
that result from (15.21) read as 

e = exp(a a fl a + b a fj a ) , (A.l) 

where 

K = \{W{ 1 + W 2 )JfJL P + \{W{ 1 - W 2 ) a % , (A.2a) 
Va = \{Wi l + W 2 ) a % + 1 -{W^ - W 2 )Jnp . (A.2b) 
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The differentiation with respect to the sources fi a ,rj a gives the generators of global 
AdSs symmetries 



z af3 



z a/3 



d 2 d 2 
+ 



)i=0 
r;=0 



1 / d 2 



+ 



d 2 



2 \d/2 a dr]f 3 dr] a d^ 



T]=0 



Using (16. lip and performing the star-products one obtains 



5\C(b\X)) = e*\C(b\X)) = exp(bj) a + -^ a f, a )C(b + p\X) * |0>(0|, 



so that 



8C(b\X) = C(b + fi\X) exp(b a f) a + -ft a fj a ) 



(A.3a) 
(A.3b) 

(A.4) 
(A.5) 



As a result, from (1A.3I) and (1A.5|) one obtains the following action of AdS% symmetries 
on the scalar field C(X) 



€,c{x) 



8 L *bC{X) 



d 2 d 2 
+ 



d 2 d 2 
+ 



2 \dn a dT]P dri a d^ 



that gives 



€pC(x) = \ (w lc ?w 10 s + (w 2 ~V(wrV) 



C{jj\X)e*w- 



C<ji\X)efaV 



_ lN s , d 2 C(^\X) 



ti=0 

17=0 



^=0 

r;=0 



32/ 



Using the equation of motion ( 16. 6ft . for the scalar field we have 



^=0 



dC{X) = V 



or, equivalently, 



2h n , a pd n C(X) 



d 2 C^\X) 



(A.6a) 
(A.6b) 

(A.7a) 
(A. 7b) 

(A.8) 
(A.9) 



dfi a df^ 

Using (14.71) and taking (14. lip into account, the substitution of (IA.9I) into (1A.7|) yields 
the following action of AdS$ isometry generators on the scalar field 

fiapCiX) = (djnSajSff — d m S ia S^ p)g mn d n C{X) , 



^C{X) = -{dnS^Sf? + d m S ia S^)g mn d n C{X). 



(A. 10a) 
(A.lOb) 
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B. Star-product calculus 

Here we collect some useful star-product formulae used throughout this paper 

1 2 



I f d d \ 1 

i a ap -k f(a, b) = a a a p f(a, b) + - ( a a — + a^— J f(a, b) + - 



db a dbP 



/(a, 6), 



b a b p * f(a, b) = b a bpf(a, b) + i (b a JL + hp /(a , 6) + I—^/fo 6), (B.l) 

I f d d \ Id 2 

a a b p * /(a, 6) = a^/ (a, 6) + - I a a ^g + 6/3— J /(a, 6) + i da p dh J i a , h )- 

Let us now calculate the generating function (I8.12p . According to the prescription 
given in Section [6] 

\C(b\X)) = g-\a, b\HW u W 2 ) * C(6) * |0> (0| Q=1 , (B.2) 

(3=0 

where C(b) is defined in (IS.lip . The direct calculations are quite cumbersome. In 
practice, it is convenient to eliminate Lorentz term in the gauge function g(a, b\HWi, W2). 
With the aid of (15. 9p . (15.81) one can rewrite (1B.2j) in the form 

\C{b\X)) = k-\a,b\V)*g-\a,b\HW 1 V,V- 1 W 2 )*C(b)*\®)($\ q=1 . (B.3) 

/3=0 

Let us choose Lorentz transformation matrix Vys such that 

HWiV = V~ l W 2 = y/S. 
Then the gauge function takes the form 

g (a,b\S) = g(a,b\VS, VS) = t -exp (-n^(v^(a aa/9 +& &/j)) , (B.4) 

det 1 1 V o + 1) 1 1 v J 

where S^s is given in (I5.15p . Thus using (I6.12p . the generating function can be 
calculated as 

\C(L ( \X)) = \C ((V -%%\X)), (B.5) 

where Vq is the Lorentz transformation matrix at a — 1, (3 — which has the following 
form 



(u + x)(y-v) ( /x(r) M r 



, X — u — 1 



Vo-yS — — \ 7T/ — r~n ( \( \ 1 \ (u-xf(u+x+l) (B-6) 

1 2(u+l) \ r){r){u — x) 7}{r)* ^ 1 



and 

\C (b\X))=g \a,b\S)*C(b)*\0)(0\ 
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a=l 
(3=0 



To evaluate star-products of Gaussian exponentials of the form 

F(b) * |0> <0 1 = Vdet ||1 - f2\\ e r^a a a p +b a bp) ^ e m^b^+n,K< ^ | Q> <0| 



(B.7) 



one uses f l3.4[) to obtain by simple Gaussian integration 



F(b) 



+ 



/det||l-/ 2 | 
det(A) 

1 

/ + /-! + 4m 



exp 



(/- 1 + 2m) 



1 



(Z^ 1 " /) 



/ + /-i + 4m 
1 



(/ + 2m) — m 



a/3 



a/3 



where 
and 



/ + f- 1 + 4m 

(r W = ^ 



(B.8) 



J a/3 



— £a/3 + faf~ifl + 4/ a 7 rft 7 /3. 

Using (18. lip . (IB. 41) and (1B.8|) we obtain the following result 



F(b) 



l oo 

P V /" j / A 2P-i 2Q-| - 3 ^4 s 2 -/3 2 ^™ 2 + -2-s™ 

as / rfws 2 u; •« 2e *(»-") 



y - v 



y — v y — v 



x exp | B l5 Wb s + 



(y-v) v /2{au- f3y + l) 



(B.9) 



with 



and 



.4 



2P(a(y - v) + (3{x - u))w + {j3 + y-v)s 
\ 2j3(a(x — u) + (3(y — v) — l)w + (u + x + a)s 

(3 y-v + p 



B, 



-m 1& + 



y — v ' 2(y — v) [au — (3y + 1) 

where parentheses denote index symmetrization. 

By redefining the integration variable (3w — > u> (reabsorbing a /3-dependent factor 
into an integration constant) and setting then a = 1, (3 = we obtain 



C (6|X) = (y - f ) * ds dws AF *w lQ 2 e 4 (»-«J 



j/— v y — v . g- 



b\2w + s)(y-v) + b 2 (s(u + x + 1) + 2w(x - u - 1)) 
' " X " ' (vW+l) 1 ' IL """ 
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with 

i / y-v x 
£> _ _ / u+l u+l 

JJ 70 r, I g t/+f _ 2 

V u+l u+l y— i> 

Performing Lorentz transformation (1B.5I) and using BTZ coordinates ( 12.91) we finally 
obtain (EE]). 

Let us also note, that a convenient parametrization of a 5*p(2)-valued matrix S a p 

is 

S a/3 = cosh(p)e al3 + sinh(p)/t Q/ g , 
where K a p = Kp a and \K a pK a P = —1. One can see that the n th power of S is 

(S n ) a p = cosh(np)e a/3 + smh(np)K a/3 . 

As a result, 



(v^) a/ 3 = cosh + sinh (0 . 



Also one finds that the matrix II = is 



U a p = tanh (~J « ajE 
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